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ABSTRACT

This paper describes a new approach to understanding
and predicting wrinkles in webs in process machinery. It is
based on Tension Field Theory, where the web in a span
containing troughs is replaced by a planar membrane under
stress in the trough direction only. The trough pattern, and
hence the stress field, are uniform in the centra portion of
wide webs between misaligned rollers, and thetheory for this
case is presented. The anaysis gives new insights on the
importance of cross-direction strain from the preceding span,
and on the gradua development of trough amplitude, which
may lie below athreshold of visibility.

Conditions for the existence of troughs and wrinkles are
derived and tested against published data. However, the
incoming cross-direction strain and the visibility threshold
for troughs are not available, so comparison is not possible.
Critica conditions for wrinkling on aroller agree well in one
case: unfortunately, the other data are for webs that are too
narrow for the current analysis to be accurate.

The new theory predicts that web |eaves the span with a
shear strain. This can add to misaignment effects
downstream, thus increasing the likelihood of wrinkling.

In the future, the tension field could be extended to
narrower webs, roller diameter profiles and other cases by
alowing trough direction to vary across the width.

Keywords: eastic buckling, misalignment, model, roller,
shear, tension, tension field, trough, web, wrinkled
membrane, wrinkle.
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Young’s modulus of web
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machine direction
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shear strain component
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& critical strain for buckling into troughs
a excess width as afraction

& incoming tension expressed as strain

e CD strain, less Poisson contraction

n Poisson’s ratio of web

o direct stress component

oh critical stress for buckling into troughs
o critical stress for buckling into wrinkles
0y incoming stress

q in-plane roller misalignment

1. INTRODUCTION

Thin web products are susceptible to damage when
narrow wrinkles (also termed creases and folds) form as the
web passes around rollers during manufacture and converting.
An extensive experimental and theoretical investigation by
Good et a. at the Web Handling Research Center at Oklahoma
State University [1] has led to predictive models, based on
elastic buckling theories. Theweb is planar and under uniform
uniaxial tension between perfectly cylindrical, aligned rollers;
but when misalignment or diameter variation increases, in-
plane bending occurs, producing shear stress. This combines
with the tension to give a compressive minor principal stress,
usually closeto the cross direction (CD). Only asmall valueis
needed to exceed the critical value for buckling in aweb span,
and the web forms troughs, a sinusoidal out-of-plane
displacement. At a large misalignment or diameter taper, a
second critical point is reached when one or more of the
troughs changes into a narrow wrinkle on the downstream
roller, termed Regime 1 behavior. Earlier work [2], and that of
Hashimoto [ 3], used an oversimplified bending model without
tension, and found that wrinkles were seen where their
incorrectly calculated trough threshold was reached.

At low tension, it becomes more difficult to form the
narrow wrinkles, and Shelton [4] explained this Regime 2
behavior as the result of arise in the compressive stress from
zero at theweb edges on the downstream roller, with agradient
determined by friction from the tension pressure. For awrinkle
to form, the web width must exceed the value for which the
critical stressto buckleisreached at the centerline. Thecritical
valueiswell predicted asthe axial load to buckle acylindrical
shell [5], even though the effects of tension and contact with
the rigid roller are ignored [6]. The effective friction (termed
traction) fals as linespeed increases because of air



Proceedings of the 2021 International Conference on Micro- and Nano-devices Enabled by R2R Manufacturing

entrainment, so higher tension is needed to avoid thisRegime
2 behavior.

The planar web bending model predicts trough
occurrence but fals short of predicting the larger
compressive stresses needed for wrinkles on the roller.
Instead, Good et a. [1] used Finite Element Andysis
software for post-buckling analysis, and showed that the
required compressive stress could be reached. More recent
simulations account for the sinusoidal deformation in the
troughs [7], but the early work [1] used wrinkled membrane
elements, which replace the actual materia in the troughs by
one which remains planar, but has modified properties in
areas where the critical stress to form troughs would
otherwise be exceeded.

When wrinkled, the membrane elements use Tension
Field Theory to caculate stress and strain. This was
developed over 80 years ago [8] for beam structures
containing flat, thin panels that buckle, but still contribute to
strength. Applied to a web, stress is carried in the trough
direction only, with the perpendicul ar and shear components
equal to zero. Generally, thetroughs can be parallel, converge
or diverge, and their orientation is determined by loads and
displacements on the boundaries.

This paper considers the use of Tension Field Theory to
predict troughs and wrinkles in web handling. Instead of
considering the bending of a planar web, the anaysis starts
from a web containing troughs, with angles and stresses
determined by the entry and exit conditions of a single span.
Although the stress perpendicular to atrough is zero, thereis
a compressive strain component in that direction. If it is
larger than the Poisson contraction caused by the stress along
the trough, then there is extra length, which has no
conseguence according to the modified materia properties
being used. However, in redlity, the extra length is
accommodated in the sinusoidal shape of the troughs. On the
other hand, if the perpendicular strain is smdler than the
Poisson contraction, thereis no extralength to form atrough
and so the web remains flat with its origina material
properties. When the web wraps the roller, the trough may
generate awrinkle with similar orientation. Alternatively, the
trough will flatten if that generates less compressive stress
than the critical value for wrinkling.

Wide webs between misaligned rollers form regularly
spaced, parallel troughs over a large portion of the width.
This suggests a simple anaysis, which should be valid for
large width-to-span ratios (W/L), and may give additional
insight for all geometries. Previous work has focused on W/L
< 1, whereas plastic film and paper are made 10 m wide with
spans commonly lessthan 2 m. Papers by Walker et al [9, 10]
highlighted the need for more work analyzing and testing
wide webs, and raised the possibility that the theory for
narrow webs may not be applicable.

2. PROBLEM DEFINITION

The steady state transport of a web between rollers
misaligned by asmall angle q radiansin the web planeresults
in paralel troughs at apotentialy large angle a to the machine
direction (MD), as shown in Figure 1. They point towards the
shorter edge downstream, but move towards the long edge as
the web is transported. If wrinkles form on the downstream
roller, they too move sideways. The movement is expected to
follow the belt tracking equation [11], but this has not been
accurately checked. The troughs are waves which move
through the web material, much like waves on water.

Web travel wsp -~ Misalignment
=%

ot a Wrinkle

- | movement

Figure 1: Troughs a an angle a in the span between rollers
misaligned by angle q, causing wrinkles moving lateraly.

In order to anayze the trough pattern, the web is assumed
to be isotropic, linear elastic and free from camber or other
defects. The friction is taken as sufficient to ensure the web
enters the downstream roller matching the direction and speed
of surface motion (Normal Entry, Normal Strain), and thereis
azonefreefrom slip on both upstream and downstream rollers.
There are transition zones between these dlip-free zones just
before and after the line of contact, assumed short in the MD.
In the entry transition zone, the web adjusts its strain and the
trough amplitude increase from zero, both reaching the values
in the main part of the span. In the exit transition zone, again
before and after the contact line, the troughs collapse and
compressive stress perpendicular to the troughs increases. In
both zones, the web width does not change. For the analysis,
the zones are assumed to be negligibly short in the MD.
Approaching the edges of the span, the trough angle changes
gradually to zero over a distance assumed to be smal
compared with the full width. Thisis not modelled here. The
web in the previous span is assumed to be carrying uniform
MD tension, and lateral contraction given by Poisson’s Ratio.

When tension field theory is applied, the troughed web is
replaced by a planar web with modified properties (Figure 2).
Using suffix a to denote the trough direction, the stress and
strain are related through Young’s Modulus E:

o, = Eeg, (1)
The stress perpendicular to the trough is taken to be zero:

ag = 0 (2)
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Shear stress and strain in a,b coordinates are both zero.
The strain perpendicular to the troughs &, is non-zero, and
determined by the boundary conditions asin the next section.

Figure 2: Troughs replaced by modified materia (pink) under
stress. The flat, stress-free dashed rectangle deformsinto the
solid rectangle under the tension field.

These stresses and strains can be transformed using
standard equations to coordinates x,y based on the upstream
roller. Figure 3 shows the deformed shape of the web. It is
stretched by the applied tension, shows lateral contraction
and is also sheared towards the short edge. All components
of stress and strain are constant between the two transition
zones, and away from the web edges.

Figure 3: Deformation in Xy coordinates showing the
deformation of the dashed rectangle into the parallelogram
with solid outline, and the lateral displacement in the span.

3. TROUGHS
The MD tension per unit width 7 in the span is given,
and can be converted to a stress g,. Transforming to a,b
gives:
gy, =T/h = Egy = g, cos* a 3

Transforming strain gives:
&y = g sin® a + g5 cos? a 4
I'n addition to Poisson strain -ney, the CD strain may have

a contribution e from the extra Poisson contraction that
would occur because of the tension change leaving the

upstream roller. Spreading or gathering effects could be
included here aso.

&, = —vg t e 5)

Denoting tana by ! and using trigonometric identities
results in:

g = (&1 — go(v + £2))(1 + t?) (6)

The x-displacement isindependent of y, so the shear strain
Oy isequal to the derivative of y-displacement with respect to
X. Assuming no change through the downstream transition
zone, and the web velocity direction matches that of the roller
surface at the contact line (Normal Entry), then the shear strain
is equal to the roller angle @#[11]. Again using the
transformation of strain:

8 =y = —(g5 — £2) sin2a 7

0 =2t(eg(1+v+t3)—¢g) (8)

For troughs to exist, the strain &, must be more negative
than the Poisson contraction -ne, caused by the stress along
the troughs. The extra length, denoted by &, is available first
to reach the buckling stress, and then to produce troughs with
anon-zero amplitude. It is given by:

& = —(gp +vey) = (6ot% — &)L + t?) 9)
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Figure 4: Contours of constant trough angle a.

Contour plots of the trough angle a and the extralength e
as functions of tension strain ey and misdignment angleq are
shown in Figures 4 and 5 respectively, for €=0. The contours
of « are straight lines through the origin, becoming more
widely spaced as a increases. The contours of g havethe form
a -\[§;, similar to previous theories on wrinkling.
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Figure 5: Contours of constant extralength e.

Presented in this way, only tension strain, extra CD
strain, misaignment angle and Poisson’s ratio have an
influence. There is no dependence on span length, width,
thickness or modulus. However, narrow spans cannot
accommodate large val ues of a, because troughs cannot cross
the web edges. For the web centerline ta lie entirgly within a
region of constant a requires:

A < Aoy = tan 1 (W/2L) (10)
0 < (W/L)(g(1 +v+ (W/2L)?) — &) (12)

The accuracy of the wide web theory is expected to be
worse as 8 is increased towards the value of the right hand
side of equation 11. A variation in a across the width is
needed in the analysis, but is beyond the scope of this paper.

A positive extra CD strain g, inhibits trough formation.
However, if it is negative, troughs may form even with
perfectly aligned rollers, when they are oriented in the MD.
Figure 6 shows the effect of e on the & = 10* contour.

_ 4
','é e =10*
e 3 0-5
g2 0
£ 5
B -5x10
3
s 0 -10%
0 0.005 0.01

Tension strain

Figure 6: Effect of incoming CD strain e, on excess width e
contour of 10,

The need for the extra length to exceed a critical value
-, could beincluded. The only available estimate is derived
from plate buckling theory, as simplified by Shelton [4].
However, in figure 2, the stress acts not in the CD, but
perpendicul ar to the trough. The trough angle increases both

the stress along the trough (equation 1) and its length in such
away that those effects cancel, leaving:

_ o _rr_h Eoy
ay = E&b == L f3(1_v2] (12)

There are very few published data for trough formation,
and even these are missing important information to test the
theory. The table summarizes the problem for the data on
polyester of Beisdl [1]:

Effect Range Affects Range
Data from | Using equations a 3-5x10*
1 8and9

Buckling | WIL 1-4 (eq. 12) -8 1.2-8x10°%
stress Tension 28-85 N

Roller drag | 14— 140 N.mm e 0.6-6x10°
[12]

Trough 1- 10 I-units, a 10°-10%
visibility Slope0.4-1.1°

The data suggest a much larger buckling stress than
calculated with equation 12. Roller drag could be significant,
but the discrepancy is most likely explained by when troughs
are visible in the experiment. Although specia viewing
conditions were set up, there is no indication given of the
threshold. Ideally, trough height would be measured as a
function of misalignment, and the data extrapolated back to
zero height.

Figure 7 showstrough datafor 12 micron thick copper fail
from[9]. At these small tension strains, the estimated buckling
strainisbelow 5 x 107, and the predicted critical misalignment
for trough formation due to buckling (equations 8 and 9) is
very low, below 0.025 mrad. If the visibility threshold is 3 x
104, the curve of critica angle starts to approach the
experimental data. However, the trough angle to achieve this
exceeds 28°, the limit of equation 10. Thisissue recurs bel ow.

3
£
o
£ 5 Observed
= [ ]
Q
S o
§1 | e,=3x 10
3
S Buckling
0
0 0.0001 0.0002 0.0003
MD strain

Figure 7: Trough observations in 12 pum copper fail, and
predictions for overcoming buckling stress and reaching an
excess width of 3 x 104,
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4. WRINKLES

Wrinkles appear on the downstream roller after they
form in the second transition zone around the entry contact
line. As above, a simple assumption is that strains do not
change through this zone, but the web troughs flatten and the
compressive stress increases. If the web on the roller has no
wrinkles, its stresses and strains are linked by the usual
Hooke’s Law. The compressive stress can then be compared
with acritical value s to assess whether awrinkle will form.
With no better theory, the axial stress to buckle a cylindrical
shell of radius R [5] will be used, following other authors:

o = _Eh 1
€7 R 4J3(1-v?)

(13)
The compressive stress is directed in the D direction and
is given by (ignoring the small contribution of &):

E
1-v2

E
1-v2

et?(1+t%) (19

o = (55 + vsa) =—

This has similar form to equation 9, so contours of
critical stress correspond to the higher e valuesin figure 5.

Model results have been compared with experimental
results of Walker et al. [10]. The “wide webs” of their title
arenot, unfortunately, in therange where equation 11isvalid,
with one exception. Figure 8 shows the data on PET and the
prediction of the model. The new theory fits the data a little
better than the OSU theory implemented in the software
package TopWeb [13] reported by Walker. The geometry
limit of equation 11 is aso plotted, showing that the data are
within the range of validity.

3

5 /
£ /
=2 Eqn 11 This theor
c limit
g
®1 4
3 TopWeb
=

0

0 0.001 0.002 0.003 0.004 0.005

MD strain

Figure 8 Observation of wrinkles in 12 pm PET, and
predictions from this theory and that of Good et al.

The table below shows conditionsfor both PET in figure
8 and copper foil in figure 9. The results for copper lie above
the predictions of this model and TopWeb, which are similar.
However, al lie above the geometry limit of equation 11, so
the new theory cannot be expected to be accurate.

Material PET | Copper
Thickness (um) 12 10
Young’s Modulus (GPa) 4.14 105

Span length (m) 1.25 1.25
Web width (m) 1.2 0.4
WL 0.96 0.32
amax— €quation 11 25.6° 9.1°
7
Ee, =
€ 5 B Data
vy This theory
é 4 TopWeb
c 3 .
22
29 u ] L] ] u
= |
i ———
0 0.0005 0.001 0.0015
MD strain

Figure 9: Observation of wrinkles in 10 um copper foil, and
predictions from this theory and that of Good et d.

As MD gtrain falls, the critical misalignment rises well
above the theoretical predictions. This is common to most
previous studies [1-3, 9-10]: potentid reasons will be
discussed | ater.

5. DISCUSSION

The new theory devel oped so far relies on there a constant
trough angle over a large proportion of the width, favored by
alarge WIL ratio (equation 10). This turned out to be truein
only one of the datasets known to the author (figure 8). New
experiments on wide, short spans would be informative.

Further development of the theory would include a
variationintrough angle, from zero at the edgesto amaximum
in the center, across anarrow or broad web. This could enable
different roller diameter profiles, such astapered, concave and
convex, to be modelled. The troughs remain straight, but may
converge or diverge.

Thetheory predicts steering of awide web in thetroughed
state by a misaligned roller, with lateral displacement Lg, the
same as for a long narrow tape or short, planar span [11].
Perhaps surprisingly, the MD strain is constant throughout the
constant trough angle portion, so thereis no slackness.

The web enters the downstream roller with shear strain
equal to the misalignment angle g, and decreased CD width.
Both of these provide upstream boundary conditions for the
following span. Entering shear strain is equivalent to a roller
misalignment [14], and so the second span is likely to be prone
to troughs and wrinkles, possibly more than the first. If the
wrap around the misaligned roller is 180°, the second span will
have the same roller misalignment as the first, so when the
shear strain is added it will double the apparent misalignment
and make wrinkles more likely.
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This propagating shear strain could be removed by
returning the web to a planar condition in onelong or several
shorter spans. This could be achieved by a spreading device,
alow friction roller, or an increase in web tension.

A better understanding of web buckling mechanisms
would be helpful. The equations borrowed from buckling of
a flat panel and free-standing cylindrica shell under axia
load seem to work well in many cases, but do not seemtotally
appropriate to buckling controlled by strain, and buckling at
an angle to the CD or roller axis. Quitelikely, low amplitude
troughs flatten as the web gradually bends in order to wrap
theroller. But high amplitude troughs may not flatten before
they touch the roller surface, allowing the peaks to push
outwards and form awrinkle.

The predicted shape of the critical misalignment versus
tension plots of wrinkle occurrence is very similar to that of
the previous theories. However, many experimental curves
such as figure 9 and previous experiments [1-3, 9-10] bend
upwards a low tension, away from the theory predictions.
This is a gradua transition from Regime 1 to Regime 2
behavior, rather than the abrupt termination of the Regime 1
line at a particular tension.

This upward bend was not seen in the PET data of figure
8, so it may require trough angle to belimited by span aspect
ratio, i.e. the inequality of equation 11 is not satisfied.
Another possihility is that the equations for buckling stress
(12) and for the minimum web width to wrinkle need
modification for the compressive force acting at large angles
to the CD under low tension. A further effect is the gradual
loss of friction at lower tension, because of air entrainment.
Further progress here depends on either obtaining new
experimental data on large W/L spans that show this upturn,
or developing the theory so it is valid for the existing data
sets.

6. CONCLUSIONS

This new theory shows promise for better understanding
and prediction of wrinkling, but so far only one set of
experimental datafallsin its scope of validity. The span must
have a large enough W/L to produce a centra region of
constant trough angle. If that isthe case, troughs are predicted
to exist a misaignment above a critica vaue which
increases with tension (M D) strain. Incoming extraCD strain
and Poisson’s ratio are the only other factors. There is no
dependence on span length, width, thickness or modulus.

Testing the theory for trough occurrence has not been
possible, because of the newly-identified need to know the
incoming extra strain in the CD (for example, from roller
drag), and the threshold amplitude making the troughs
visible.

Testing the theory for wrinkle occurrence shows it is
reasonabl e for the one experiment whereit isvalid. However,
to be useful, it needs to be extended to cover smaller W/L.
Better understanding and models for the buckling into
troughs and wrinkles would a so be useful.

The effects of a misaligned roller propagate downstream
through shear strain, and the following span is likely to add to
the wrinkling tendency.
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